During active tactile exploration with their whiskers (vibrissae), rodents can rapidly orient to an object even though there are very few proprioceptors in the whisker muscles. Thus a long-standing question in the study of the vibrissal system is how the rat can localize an object in head-centered coordinates without muscle-based proprioception. We used a three-dimensional model of whisker bending to simulate whisking motions against a peg to investigate the possibility that the 3D mechanics of contact from a single whisker are sufficient for localization in head-centered coordinates. Results show that for nearly all whiskers in the array, purely tactile signals at the whisker base -as would be measured by mechanoreceptors, in whisker-centered coordinates -could be used to determine the location of a vertical peg in head-centered coordinates. Both the "roll" and the "elevation" components of whisking kinematics contribute to the uniqueness and resolution of the localization. These results offer an explanation for a behavioral study showing that rats can more accurately determine the horizontal angle of an object if one column, rather than one row, of whiskers is spared.
INTRODUCTION
Many rodents, including rats, exhibit 5 -12 Hz "whisking" motions of the large facial vibrissa as they tactually explore the environment. During tactile exploration with whiskers, rats can orient quickly and precisely to an object even though there are very few proprioceptors in the whisker muscles (Ebara et al., 2002; Moore et al., 2015) . A large open question, then, is how the rat might localize an object in head-centered coordinates without muscle-based proprioception. Specifically, how does the rat know the angular position of the whisker (and hence the object) at the instant of whisker-object contact? Several possible answers to this question have been proposed by three behavioral studies that have quantified the degree to which rodents can localize an object in the horizontal plane (Knutsen et al., 2006; Mehta et al., 2007; O'Connor et al., 2010) . Mehta et al. (2007) propose that the rat integrates a binary touch signal with kinesthetic information about the angular position of the vibrissa at the time of contact. The authors suggest that the kinesthetic signal could be generated either in the periphery, via "whisking" neurons of the trigeminal ganglion (Zucker and Welker, 1969; Szwed et al., 2003 Szwed et al., , 2006 Leiser and Moxon, 2007; Khatri et al., 2009; Wallach et al., 2016) or from a cortical reafferent signal (Mehta et al., 2007; Curtis and Kleinfeld, 2009; Hill et al., 2011; Moore et al., 2015) . Similarly, Knutsen et al. (2006) , suggest that temporal coding (e.g., the interval elapsed between whisking onset and object contact) could provide information about the angular location of the object in head-centered coordinates (Szwed et al., 2003 (Szwed et al., , 2006 Knutsen and Ahissar, 2009; Wallach et al., 2016) . O'Connor et al. (2010) who worked in mice, indicate that differences in the bending of the whisker are observed for different angular locations, but experimental resolution of the study did not permit detailed quantification of these effects.
An intriguing alternative hypothesis was proposed in a fourth study that examined three dimensional (3D) whisking kinematics (Knutsen et al., 2008) . In this study, the dorsal-ventral elevation as well as the whisker's roll about its own axis were found to be coupled to the protraction angle. In the discussion, the authors suggest that the roll of the whisker could provide a mechanism for the rat to determine where in the whisking cycle an object has been contacted.
Our laboratory recently developed a 3D quasi-static model of whisker bending that allows us to test this hypothesis in simulation. The model computes all six components of force ( F ) and moment ( M) at the vibrissal base as a rat whisks against a peg (Huet et al., 2015; Huet and Hartmann, 2016) . We can therefore determine to what extent the information present in these mechanical signals sufficient to yield the location of the object.
In behavioral terms, the present work asks: are the tactile signals obtained by a single whisker and transmitted to the follicle -in whisker centered coordinates -sufficient to uniquely determine the location of an object so that the animal can orient to it in head-centered coordinates?
MATERIALS AND METHODS

Position and Orientation of the Head and the Pegs Surrounding the Head
The goal of the present work was to simulate the 3D tactilemechanical information available to the animal under conditions that resembled as closely as possible those of the relevant behavioral experiments (Knutsen et al., 2006; Mehta et al., 2007; O'Connor et al., 2010) . All of these studies either worked in the head-fixed animal or indicated that head motions were very small. Given that the kinematic equations for 3D whisker motion were also obtained from the head-fixed animal (Knutsen et al., 2008) , the present work simulates whisking in the head-fixed rat. Therefore, in simulation, an anatomically accurate model of the rat head and vibrissal array (Towal et al., 2011) was placed with the snout at the origin and with bregma aligned with lambda in the horizontal plane.
Vertical pegs (infinitely tall) were placed on a grid in Cartesian coordinates surrounding the head ( Figure 1A ). Pegs were spaced 1 mm apart. The grid of pegs occupied the complete region of space that could be reached by the whiskers during retraction and protraction over the range defined in Section "Choice of Protraction Amplitude". Simulations were run independently FIGURE 1 | Coordinate systems, variables, and parameters used in the simulations. (A) Examples of peg locations relative to the head. The two figurines illustrate the 3D protraction of the C1 and D5 whiskers. The head is oriented so that bregma is aligned with lambda in the horizontal plane. Protraction of the whisker is shown as a curved surface, with shading proportional to the z-coordinate (height). Solid light gray lines within the surface show the whisker shape in 10 • increments during the protraction. Vertical bars represent pegs evenly distributed on an x-y grid. Pegs are illustrated at reduced resolution as 4-mm apart in both x-and y-directions for visual clarity, but all simulation results were obtained with 1-mm spacing. (B) Angle definitions. The angle θ is the protraction angle, θ is the elevation angle, and ζ is the roll of the vibrissa about its own axis. Figure adapted from (Hobbs et al., 2016a) . (C) Range of whisking. To ensure coverage of the full whisking range, all simulations started with the whisker retracted to be tangent to the rat's face in the top-down view. Each whisker was then protracted by 120 • or until the tip of the whisker the y-coordinate of the whisker-tip started to decrease. The C1 and D5 vibrissae are drawn as thick black lines for visual reference.
for each whisker. All 31 whiskers in the array were simulated. Some whiskers in the E-row had a strong concave-downward orientation, and this orientation was nearly parallel to the peg for some peg locations. In these cases the mechanics were not well defined, and these peg locations were eliminated in post-processing.
Simulations included only those pegs located between 30 and 90% of the whisker arc length in order to avoid extremely large mechanical signals near the base and immediate slip-off from the peg near the tip of the whisker.
Simulating Whisking Kinematics
Simulations employed the standard variables illustrated in Figure 1B , where θ represents the horizontal (protraction) angle of the whisker, ϕ is the elevation angle, and ζ is the roll of the whisker about its own axis, as defined by the whisker's intrinsic curvature (Knutsen et al., 2008; Towal et al., 2011) .
As in several previous studies Hartmann, 2014, 2016; Hobbs et al., 2015 Hobbs et al., , 2016a , the horizontal resting angle (θ 0 ) and the resting orientation of each whisker about its own axis (ζ 0 ) were obtained from Towal et al. (2011) . The elevation resting angles (ϕ 0 ) were obtained from Knutsen et al. (2008) . Note that we obtained θ 0 and ζ 0 from Towal et al. (2011) because these angles are not provided in Knutsen et al. (2008) , but ϕ 0 was obtained from Knutsen et al. (2008) because the parametrization in Towal et al. (2011) yields unrealistically low values of ϕ 0 for the A-row whiskers .
All simulations were initially run using equations for whisking kinematics obtained from awake behaving animals by Knutsen et al. (2008) . These equations were obtained in a coordinate system in which the horizontal plane was defined by the line connecting the nose and the anterior-most corner of the rat eye.
We realized, however, that more accurate results would be obtained if the kinematic equations of Knutsen et al. (2008) were converted to the same coordinate system as the morphological model of the rat, in which the horizontal plane is defined by bilateral alignment of the whisker rows (Towal et al., 2011) . We therefore performed this coordinate-system conversion. The original and converted kinematic equations are shown in the top and bottom halves of Table 1. All simulations were then completely rerun using the new, converted equations, and results compared with those obtained using the old equations.
The conversion shown in Table 1 was achieved in four steps. First, we found the head pitch offset between the coordinate system of the morphological model and the coordinate system in which the kinematic equations were determined. The pitch difference was found to be a rotation of 13.8 • clockwise, tipping the snout down. This pitch difference goes from the coordinate system of the morphological model to the coordinate system of the kinematic equations.
Second, recall that the resting elevation angle ϕ 0 was originally obtained from the coordinate system of the kinematic equations. We therefore had to determine this angle in the coordinate system of the morphological model. To do this, all whiskers were first set to their resting azimuthal angles in the coordinate system of the morphological model (θ 0 ). All whiskers were rotated by the 13.8 • pitch offset to be in the same coordinate system as the kinematic equations and then set to their elevation angle ϕ 0 . At this point all whiskers now had their correct resting angles θ 0 and ϕ 0 in the coordinate system for the kinematic equations. Finally, all whiskers were rotated by the negative of the pitch offset, back into the coordinate system of the morphological model.
Third, we determined the slopes for ϕ/ θ and ζ/ θ from Table 1 and Figure 2 in Knutsen et al. (2008) . These slopes are in the coordinate system of the kinematic equations. Following a procedure similar to that of step 2, these slopes were converted to the coordinate system of the morphological model. Fourth, we converted the desired range of protraction angles θ from morphological into kinematic coordinates. We used the slope relationships ϕ/ θ and ζ/ θ to obtain the full kinematic equations, and then converted the full kinematic equations back into morphological coordinates. 
Kinematic equations after converting to the coordinate system of Towal et al. (2011) A dθ = 0.02
Whisker angles ϕ and ζ are functions of the protraction angle θ and the row identity of the whisker. (Top half) Numerical constants in these equations were obtained from the experimental study of Knutsen et al. (2008) . The incremental displacement dθ is measured relative to the resting angle θ 0 , which was obtained from Towal et al. (2011) . The resting angle ζ 0 is unique for each vibrissa and was obtained from Towal et al. (2011) . Plus-minus values in equations for ϕ and ζ are error bounds from Knutsen et al. (2008) . (Bottom half) The equations in the top half of the table were converted to the coordinate system of the morphological model. Details of the conversion are described in Section "Materials and Methods." FIGURE 2 | (A) 2D intuition for head-centered and whisker-centered coordinate systems. The origin for head centered coordinates is typically taken to be the tip of the snout, with the y-axis pointing rostrally along the midline. In contrast, the origin for whisker centered coordinates is at the whisker base, and the x-and y-axes are determined by the plane in which the whisker lies. The differences between these two coordinate systems are exemplified in two extreme cases, as labeled. Although the rat orients to objects in head-centered coordinates, the only tactile information available is most naturally represented in whisker-centered coordinates. Notably, Table 1 shows that within the coordinate system of Knutsen et al. (2008) , the resting elevation angle ϕ 0 is constant within each row. In contrast, after conversion to the coordinate system of the morphological model, each whisker has a unique resting elevation angle ϕ 0 . In other words, we must assign a specific value of ϕ 0 for each individual whisker. The average and standard deviation of these values are provided for each row of whiskers in the bottom half of Table 1 . N pegs: number of pegs; % unique: percent of the (M B , M D ) space that uniquely maps to an (x, y) peg location. Whisker C6 was simulated but is labeled N/A because it reached too few pegs to form a surface for this analysis.
Table 1 also shows that after coordinate conversion the equations that define the slope of ϕ with respect to θ ( ϕ/ θ) and the slope of ζ with respect to θ ( ζ/ θ) varied for each whisker independently. However, the slopes were found to be similar enough across all whiskers within a row that a single average value was used on a per-row basis.
Comparing results between simulations that used the original kinematic equations with those that used the coordinatetransformed kinematic equations resulted in significant shifts at the level of individual whiskers. However, the coordinate transformation did not generally change the trends across the array (e.g., Figures 4, 5, and 7) or significantly affect uniqueness of the mappings ( Table 2 ). Thus the results described in the present study are robust to fairly large changes in the kinematic equations for whisker motion. Similar robustness was observed in a simulation study that included a sensitivity analysis of variations in the geometry of whisker-object contact (Hobbs et al., 2016a) .
Choice of Protraction Amplitude
We were careful to ensure that each whisker was simulated to protract through a large range of whisking angles ( Figure 1C) . A simulation began with all whiskers retracted until they were tangent to the surface of the rat's head (left subplot). Each whisker was then simulated to protract through its resting angle (middle subplot) until one of two terminating criteria was met (right subplot): either it reached total protraction amplitude of 120 • , or the y-coordinate of the whisker-tip started to decrease. For most whiskers, this range exceeded the protraction amplitudes observed in many experimental studies Gao et al., 2001 Gao et al., , 2003 Towal and Hartmann, 2006; Hill et al., 2008; Towal and Hartmann, 2008; Grant et al., 2009 Grant et al., , 2012 Hobbs et al., 2016b) . These extreme choices for protraction amplitude ensured that our uniqueness and resolution measurements (Results Sections "Most Whiskers Show Unique Mappings" and "Both Elevation and Roll Contribute to the Uniqueness and the Resolution of the Mappings") covered all regions of the whisking space.
The simulation was run in two stages, using coarse and fine spatial resolution. In the first stage the approximate location of the peg was determined by simulating the protraction over the full range of whisker protraction in increments of 2 • . This first stage narrowed the range of possible peg-whisker contact location to an annular sector with an opening angle of 2 • and two radii that differed by 2% of the whisker length. The second stage then started from the angle found in stage one, and protracted the whisker forward with a 0.02 • step size for up to 100 steps or until the distance between the peg and the nearest point on the whisker stopped decreasing. The whisker was considered to have contacted the peg at the protraction angle when the peg-to-whisker distance was minimal.
To simulate whisker deflection, each whisker was protracted 5 • past the angle at which it would have made contact with the peg, had the peg been present. The undeflected 3D shape of the whisker as well as the 3D position of the peg were the two inputs to the quasi-static numerical model described in Section "Computing Mechanical Signals as the Whisker Protracts against a Peg." All mechanical signals analyzed in Results were determined at the end of the 5 • protraction.
A value of 5 • was chosen for two reasons. First, when we examined the three studies describing the behavioral experiments (Knutsen et al., 2006; Mehta et al., 2007; O'Connor et al., 2010) , our best understanding was that the rodents deflected their whiskers against the peg by only a few degrees. Other studies that have explicitly monitored contact durations or angles during object exploration have found similar evidence for light touch (Deutsch et al., 2012; Hobbs et al., 2015) , and light touch is also observed during detection and orienting behaviors (Grant et al., 2009; Mitchinson et al., 2011) . Second, the whisker tends to slip off the peg if it protracts too far (Williams and Kramer, 2010; Hires et al., 2013) .
Coordinate Systems: Whisker-Centered vs. Head Centered Coordinates
Understanding the nature of vibrissal-based object localization requires making a clear distinction between the two coordinate systems illustrated in Figure 2 : head-centered coordinates and whisker-centered coordinates.
Orienting behavior is expressed by motion of the rat's entire head. In head-centered coordinates the location of an object is most easily expressed using the snout as the origin. The rat must be able to orient its snout toward an object regardless of which whisker(s) made contact with the object.
However, each whisker in the array has a unique arc length and a unique intrinsic curvature. Each whisker has a different basepoint on the rat's cheek, and each whisker emerges from the cheek with a different set of angles when at biomechanical rest. Each whisker is rotated by a different intrinsic ("sling") muscle, which wraps around the follicle at its base.
The important consequence of this geometry, as illustrated in two dimensions in Figure 2A , is that the tactile (mechanical) signals that enter the follicle due to contact with an object are obtained in whisker-centered coordinates, which rotate with each whisker (Hartmann, 2015; Huet et al., 2015; Huet and Hartmann, 2016) . Tactile information depends only on the difference between the shape of the whisker before and after deformation. The position of the whisker before deformation is not directly encoded in the transmitted signals, and there are few if any proprioceptors in the whisker muscles to tell the rat where the whisker is in head centered coordinates (Moore et al., 2015) . Figure 2B provides intuition for the 3D transformations between whisker-centered and head-centered reference frames. In this figure, whiskers C1 and D5 are shown in their resting positions on the rat's face, in the context of their two unique, whisker-centered coordinate systems. The orientation of the C1 whisker is primarily concave down, so the x-y axes form nearly a vertical plane while the z-axis points mostly forward. The orientation of the D5 whisker is primarily concave forward, so the plane formed by the x-y axes is more horizontal (tilted out of the page in Figure 2B ) while the z-axis points forward and a bit up. Although the coordinate systems for the C1 and D5 whiskers may initially appear very different in the context of the rat's head, it is clear from the right panels of Figure 2B that they are identical whisker-centered coordinate systems.
The specific question addressed by the present work is: are the tactile signals obtained by any single whisker and transmitted to the follicle -in whisker-centered coordinates -sufficient to uniquely determine the 2D location of an object in head-centered coordinates?
Computing Mechanical Signals as the Whisker Protracts against a Peg
The present work uses a quasi-static model for whisker bending that permits us to simulate 3D mechanics and the whisker's slip along a peg (Huet et al., 2015; Huet and Hartmann, 2016) . Details of the model have been described in these earlier studies, but briefly, each whisker is simulated as a 100-link Euler-Bernoulli beam connected by linear and torsional springs.
Whiskers were simulated to have a Young's modulus of 3 GPa . Whisker arc lengths (S) were determined based on their (row, column) position within the array (Towal et al., 2011) . Base diameters (D base ) were calculated based on the linear relationship D base = 0.07113 + 0.00208S, where S and D base are expressed in millimeters (Belli et al., in revision) . Whisker tips are often damaged, so tip diameter can vary considerably. Tip diameter was therefore assigned a constant value of 4.1 µm, calculated as the average across 52 whiskers (Belli et al., in revision) .
The inputs to the model are the 3D location of the peg, and the 3D intrinsic position and shape of the undeflected whisker, protracted 5 • past the angle at which it would have made contact with the peg. The outputs of the model are the deflected whisker shape and the resultant mechanical signals at the whisker base. The mechanical signals can be written in terms of six components illustrated in Figure 2C : three components of force (F x , F y , and F z ) and three components of moment (M x , M y , and M z ).
The physical meaning of each component is as follows: F x is the axial force, which acts along the direction of whisker shaft, pushing or pulling the whisker directly into or out of the follicle. F y and F z are the transverse forces, which act along the y-and zaxes in whisker-centered coordinates, respectively. F y increases or decreases the curvature of whisker depending on its sign, while F z bends the whisker in and out of the plane of its intrinsic curvature. The torsional moment, M x , twists the whisker about its own shaft. The bending moments M y and M z are correlated, respectively, with F z and F y by the radial distance of contact point from the base of whisker.
We reiterate that the present work assumes that rodents receive mechanical signals from individual whiskers without knowledge of the angles of the whisker in head-centered coordinates.
The "Average Minimum Distance" as Metric to Quantify the Resolution of the Mappings Some analyses (Figures 5-7 ) required a metric to quantify the resolution of the mapping between mechanical signals at the whisker base and the (x, y) location of the peg. The idea here is that a given combination of mechanical signals should map to a single (x, y) location of a peg in head-centered coordinates. Furthermore, the (x, y) location of the peg predicted by those mechanical signals should be far away from the (x, y) locations of any other peg.
We therefore defined the "average minimum distance, " as follows: first, because the bending magnitude and bending direction (M B and M D , respectively; see Results for calculation) have different dimensions and different orders of magnitudes (10 −6 and 10 0 ), they were normalized between 0 and 1. All six components of force and moment at the whisker base were found to exhibit systematic variations with the (x, y) location of the peg in head centered coordinates. Examples of these variations are shown in the first two rows of subplots in Figure 3 for whiskers C1 and D5. For each whisker, four of the six mechanical signals vary primarily as a function of the radial distance to the peg. For the C1 whisker these four signals are F x , M x , F z , and M y , while for the D5 whisker the four signals are F x , M x , F y , and M z . However, one of the forces and its corresponding moment have different signs and magnitudes when the whisker presses against posterior compared to anterior pegs. These signals are F y and M z for C1 and F z and M y for D5. These signals therefore exhibit significant variation in a posterior/anterior direction.
The near orthogonality of the two types of variations suggests that there may be multiple combinations of mechanical variables that could uniquely represent the two parameters (x, y) that define the location of the peg. Rather than try every possible combination of the raw signals one by one, we turned to neurophysiological results for guidance.
Recordings from primary sensory neurons in the trigeminal ganglion show that responses correlate strongly with both the magnitude (Szwed et al., 2003 (Szwed et al., , 2006 and direction (Simons, 1978 (Simons, , 1985 Gibson and Welker, 1983; Lichtenstein et al., 1990; Jones et al., 2004; Lottem and Azouz, 2011; Lottem et al., 2015) of whisker bending. We therefore rewrote the y-and z-components of the bending moments in terms of the magnitude and direction of their vector sum:
As shown in the bottom row of Figure 3 , the mappings for M B and M D are excellent complements in that M B is mostly correlated with radial distance, while M D is more correlated with the angular location of contact. In the next two sections we therefore ask first, whether these two signals vary systematically with peg location, and second, to what extent these two signals alone can uniquely represent the (x, y) location of the peg.
Bending Magnitude and Direction Vary with Peg Location for All Whiskers
To represent M B and M D intuitively within a single plot, vector fields are used to represent these two variables at each peg location for all 31 whiskers of the array. Results are shown in Figure 4 . In this figure the subplots are spatially arranged to match the arrangement of the vibrissae on the rat's face. Each subplot shows the vector field of bending magnitude and direction for one whisker. The origin of each vector is placed at the (x, y) location of the peg of contact. The magnitude of the vector represents the magnitude of the bending moment, and the direction of the vector indicates the direction of the bending moment. Because it is difficult to see the direction of some of the shorter vectors, the bending direction is also represented by the color of each vector. We emphasize that although the figure illustrates the direction of bending moment in the (x, y) plane, the direction of bending moment is actually a combination of the two bending moments in the y-and z-directions in whisker-centered coordinates. Both y-and z-axes are perpendicular (transverse) to the whisker shaft.
The first feature evident in Figure 4 is that each whisker reaches very different numbers and very different subsets of pegs. The subplots are on the same scale within each column so the size of the regions reached can be directly compared (from A row to B row, etc.. . .). The scale of the subplots changes between columns, but the shapes of the regions that can be reached can be compared from column to column (e.g., from Column 1, to 2, to 3, etc.. . .). For example, rostral whiskers were able to reach more anterior pegs; there is more variability between rows than between columns; and in general, whiskers in rows B and C reach the most pegs. Figure 4 is that both the magnitude and the direction of the bending moment vary systematically for each of the 31 whiskers. As suggested by the plots of Figure 3 , the direction of bending varies primarily with the peg's anterior/posterior location, while the magnitude of bending varies more with radial distance. Moreover, there is a large degree of variability from whisker to whisker, even for two whiskers close together, for example β and γ. The question remains, however, to what extent the vector plots shown in Figure 4 represent unique mappings to the (x, y) locations of the pegs.
The second result revealed by
Most Whiskers Show Unique Mappings
If a mapping between (M B , M D ) and (x, y) is unique, then each pair (M B , M D ) should point to only one x value and only one y value. These mappings can be visualized using the conventions shown in Figure 5 , which shows results for the Column 2 whiskers. In each of the subplots, M B is represented on the x-axis and M D is represented on the y-axis. Each point on the plot is assigned a color corresponding to the associated x-or y-location of the peg. Points are interpolated between locations, and the plot is made transparent so that uniqueness can be directly visualized. Non-unique locations in the map show sharp edges of brightened color where the surface "folds over" on itself. The FIGURE 4 | Magnitude and direction of bending moment at the whisker base after a 5 • rotation against pegs placed at different (x, y) locations relative to the rat's head. The subplots in this figure are positioned in the same pattern as the whiskers on the mystacial pad of the rat, from rows A through E (top-down) and columns Greek through 6 (left-right). Each subplot shows the resting position and orientation of that whisker as a gray, tapered curve. The axes represent the (x, y) locations of the pegs, with the origin at the rat's snout. Colored vectors represent the magnitude and direction of the bending moment for that whisker. The color of the vector also represents bending direction because it is difficult to see the direction of some of the very short vectors. Each vector has its origin at the peg location. All subplots within a single column are on the same scale. The subplots in different columns are on different scales because the whiskers differ greatly in length between columns. Axes are shown only within the C-row to indicate that the identical scales apply within each column. The upper-right subplot is a reference for the scales of the plots in each column. Both M B and M D are scaled identically within each column, but they are scaled differently between columns. All simulations were run with 1 mm resolution in both x-and y-, but the number of pegs in each subplot has been reduced for visual clarity.
FIGURE 5 | Mappings for the Column-2 whiskers are generally unique, typical of all whiskers of the array. The x-and y-axes represent the magnitude and direction of bending moment, respectively. All data points are interpolated to form a surface colored by the x-locations of the pegs. The surface has been rendered to be partially transparent, so that non-unique (overlapping) regions of the mappings are revealed. Overlaps, if present, are visible as regions of high color intensity. In this example of the column 2 whiskers, whisker B2 is non-unique in the extremely narrow dark blue strip near M D = 0. Whisker D2 has tiny non-unique patches with steep negative slopes near M B = 0.30 and M D = 60. Overlaps would remain the same for all whiskers if they were colored by the y-location of the pegs instead of the x-location. "percent uniqueness" (Table 2; Figure 5 ) was quantified as the percent of surface plot area that did not contain overlap.
The results in Figure 5 indicate that the mappings are nearly completely analytically unique for all whiskers of column 2. There is an extremely narrow band of overlap for the B2 whisker where M D is close to zero, and for patches of overlap of the D2 whisker in the top left corner, where M D is large and M B is small. These results were typical for all columns of whiskers, as summarized in Table 2 . Of the 31 whiskers tested in the array, 30 reached sufficient number of pegs to generate surface plots that could be analyzed for uniqueness (the exception was whisker C6, which reached very few pegs). Of the 30 surface plots, 11 gave completely (100%) unique results, ten were more than 98% unique, six were more than 95% unique, and the remaining three were more than 92% unique. It is worth noting that all three whiskers with less than 95% uniqueness belonged to row E: whiskers in this row reach far fewer pegs than the other rows (c.f., Figure 4) , and the orientation of whiskers is more concave-downward.
Both Elevation and Roll Contribute to the Uniqueness and the Resolution of the Mappings
An intrinsic limitation of the type of simulation results shown in Figure 5 is that a solution could be declared "unique" even if N pegs: number of pegs; % unique: percent of the (M B , M D ) space that uniquely maps to an (x, y) peg location; AMD: average minimum distance computed over the entire mapping. The AMD has been normalized to equal exactly 1 for normal whisking kinematics so that the effects of altered kinematics can be quantified. two mappings differed by only floating point error. Uniqueness does not have full practical utility unless a measure of resolution is added. Therefore, the "average minimum distance" (AMD, see Materials and Methods) was used to evaluate the resolution of each of the mappings. The C1 and D5 whiskers are used as typical, illustrative examples in Figure 6 , but analysis was run on all whiskers in the array. The colored subplots in Figure 6 are similar to those in Figure 5 , except that the data points have not been interpolated to form a surface. The color of each data point corresponds to the peg's x-or y-location, and differentiation between peg locations is associated with larger distances between data points. It is clear that for whisker C1 in Figure 6A , the data points are spread out and that peg locations vary continuously. Whisker D5 shows a similar trend but reaches fewer pegs (it is a shorter whisker), so the data points are further apart from each other.
We next examined the effect of features of whisking kinematics on the mappings. As described in Section "Materials and Methods, " when the vibrissal array protracts, each whisker exhibits a small amount of dorsoventral elevation (Bermejo et al., 2002; Knutsen et al., 2008; Knutsen, 2015) as well as roll about its own axis (Knutsen et al., 2008; Knutsen, 2015) . We performed simulations with elevation and roll removed, as illustrated in Figures 6B,C. Qualitatively, these figures demonstrate that when either roll or elevation is removed, the data points distribute across a smaller region of the (M B , M D ) space, meaning that the mapping resolution deteriorates. In addition, for both whiskers C1 and D5, removal of either roll or elevation altered the total number of pegs reached.
The effects of removing elevation are shown in Figure 6B and in Table 3 . For long, caudal whiskers such as C1, removing elevation decreases the range of bending magnitude (M B ) by approximately 20%, and the range of bending direction (M D ) decreases even more. These effects are quantified in the middle row of Table 3 , which indicates that resolution (as measured by AMD) decreases to 69% of its value measured during normal kinematics. For short, rostral whiskers such as D5, the effect of removing elevation is more difficult to observe. Only small differences are visible in Figure 6B . Table 3 shows that quantitatively, the AMD decreased by ∼6%, but uniqueness was unaffected and the number of pegs reached actually increased. Thus, by comparing effects between whiskers C1 and D5, we see that the effect of elevation is strongly influenced by the particular whisker's angle of emergence and the orientation of the whisker's trajectory with respect to the peg.
Removing roll has a more consistent effect across whiskers, as shown in Figure 6C and the bottom row of Table 3 . The range of bending direction (M D ) is dramatically reduced for both whiskers C1 and D5. Uniqueness also drops significantly for both whiskers (to ∼82% for C1, and to ∼52% for D5), and mapping resolution is reduced to AMD = 0.52 and AMD = 0.34 for the two whiskers.
It is interesting to note that the removal of either elevation or roll has a much larger effect on bending direction than on bending magnitude. The change in bending magnitude is dominated by the radial distance from the contact point to the whisker base for a fixed pushing angle (in this case, 5 • ).
Summarizing, both roll and elevation contribute in important ways to the quality of mappings, but in different respects. Roll consistently increases both mapping resolution and uniqueness by a significant amount. Elevation contributes to resolution and may or may not to uniqueness, depending on whisker identity.
Localization of a Peg Using a Row vs. a Column of Whiskers
We can now use the mappings found in the preceding sections to suggest explanations for some results of the behavioral studies (Knutsen et al., 2006; Mehta et al., 2007; O'Connor et al., 2010) . In all three experiments rodents were required to indicate the horizontal (anterior/posterior) location of a vertical peg. All three studies found that animals could perform the task if whiskers were trimmed such that only one row of whiskers remained (the C row), or even if only one whisker remained (typically C1 or C2), albeit at a reduced performance level.
A particularly intriguing result of one of the studies (Knutsen et al., 2006) was that rats obtained the highest localization acuity (<1.5 mm) if they were initially trained on the task with all whiskers intact, and then trimmed to leave only one column (instead of a row) of whiskers.
To explain this result, we hypothesized that, for pegs placed in different anterior/posterior locations, the mappings between (M B , M D ) and the (r, θ) positions of the pegs in head-centered coordinates should be more different for a column of whiskers than for a row of whiskers.
We tested this hypothesis by simulating deflections of the C-row and column-2 whiskers against a set of 26 pegs, as shown in Figures 7A,B . These are the same whiskers used in the behavioral experiment of Knutsen et al. (2006) . The pegs were placed at radial distances either 8 or 12 mm from the average location of the whisker basepoints. The pegs were distributed from −60 • to 60 • in 10 • increments, yielding 13 pegs at each of the two radial distances. Results, shown in Figures 7C,D , lend support to our hypothesis.
For both proximal and distal radial distances (Figures 7C,D) , the curves for bending magnitude (M B ) are similar across all whiskers in the C-row: M B monotonically decreases from C1 to C4. The M B curves are also quite similar across the column-2 whiskers: M B increases from A2 to C2, and then tends to decrease for whisker D2. The curves for bending direction (M D ) are also similar across all whiskers in the C-row: M D decreases from C1 to C4.
The curves for M D across the column-2 whiskers, however, exhibit very different slopes depending on the posterior/anterior location of the peg. The A2 whisker will be oriented slightly concave-forward when it makes contact with a peg at a posterior location. Contact with the peg will therefore tend to push the A2 whisker to become straight relative to its intrinsic curvature, resulting in a negative M D (dark purple curve in the bottom right subplot in Figure 7C ). In contrast, the D2 whisker will be oriented slightly concave-backward when it makes contact with a peg at a posterior location. Contact with the peg will tend to push the D2 whisker to curve increasingly in the direction of its intrinsic curvature, resulting in a positive M D (light green curve in the bottom right subplot in Figure 7C) .
Conversely, when the whiskers hit a peg at a more anterior location, the A2 whisker has rolled to become oriented slightly concave-backward, while the D2 whisker has rolled to become oriented more concave-forward, thus the trends are opposite.
Summarizing, pegs at different angular locations can be more easily distinguished from each other on the basis of differences in bending direction within a column, rather than within a row.
DISCUSSION
How is it possible for a rodent to orient to an object based on tactile information from a single whisker? To date, this has been a challenging question to answer because the 3D tactile signals available to the rat could not be quantified. The present study exploited a 3D model recently developed by our laboratory (Huet et al., 2015; Huet and Hartmann, 2016) to simulate the mechanical signals the rat will obtain as it whisks against a vertical peg. We find that for nearly all whiskers, sufficient information is available in the bending moment signal to localize the peg, provided that the whisker's kinematic trajectory includes both roll and elevation and the rat's head exhibits minimal pitch. These constraints are compatible with the conditions observed in three behavioral studies (Knutsen et al., 2006; Mehta et al., 2007; O'Connor et al., 2010) .
Cues for Orienting to an Object
The present work has demonstrated one possible mechanism by which the rat could localize a vertical peg in head-centered coordinates based entirely on tactile information from a single vibrissa. We do not suggest that the mechanism demonstrated here is the only method by which the rat might determine the peg's location. The nervous system generally exploits all available information to solve perceptual tasks, and multiple redundant cues are likely used.
A complementary possibility is that the rodent could estimate the location of the peg by combining a contact signal with an estimate of the position of the whisker at time of contact. The position signal could be obtained by combining reafferent signals representing the phase of the whisker (Fee et al., 1997; Mehta et al., 2007; Moore et al., 2015; Wallach et al., 2016) with an efference copy of whisking midpoint and amplitude (Curtis and Kleinfeld, 2009; Kleinfeld and Deschênes, 2011) . Kinematic (position) control is a viable motor control strategy during non-contact whisking because the whiskers have such low mass; upon contact it seems likely that the rat will shift to a force control strategy (Quist et al., 2014; Hobbs et al., 2016b) .
Alternatively, the animal could determine the horizontal angle of a peg by keeping track of the time at which each whisker starts protraction and then integrating whisker velocity with respect to time to obtain an estimate of the whisker's position at the time of contact (Szwed et al., 2003 (Szwed et al., , 2006 Knutsen et al., 2006; Knutsen and Ahissar, 2009; Huet et al., 2015) . This mechanism would require the rat to keep track of the velocity of each whisker with high precision Hartmann, 2006, 2008; Grant et al., 2009; Hartmann, 2009; Hobbs et al., 2016b) .
Peg localization could also be aided by skin stretch, which could serve in a proprioceptive capacity to provide cues about protraction angle. Weak proprioceptive signals from the muscles could also be carried through the mesencephalic nucleus (Mameli et al., 2010 (Mameli et al., , 2016 .
Finally, we note that in order to replicate as faithfully as possible the three previous behavioral experiments, the simulations here used "infinitely tall" vertical pegs. Therefore the present study does not address the question of how the rat might determine the height of an object. As indicated by several previous articles, the height could be at least partially determined by a labeled line system that is determined by the whisker's identity (Knutsen et al., 2008) . Alternatively, use of one or more additional mechanical signals (e.g., the axial force) seems likely to resolve this third coordinate Pammer et al., 2013) .
In our view, it would make excellent sense for timing information coupled with velocity integration to provide a coarse estimate of the angular position of the whisker. At each point in time, the position estimate could be updated with information from skin stretch, weak proprioceptive signals, and efference copy. The final cue about the horizontal angle of contact would emerge at the instant of contact, as the whisker deflects against the object in a direction related to the object's angular position. The overall location and shape of an object spanning many whiskers could then be coded by tactile feedback from many whiskers integrated simultaneously.
Potential Mechanisms for Neural Coding
How would mechanical signals transmitted by the whisker be transduced into neural signals while maintaining information about object location? Multiple studies have demonstrated that primary sensory neurons of the trigeminal ganglion are strongly directionally tuned (Simons, 1978 (Simons, , 1985 Gibson and Welker, 1983; Lichtenstein et al., 1990; Jones et al., 2004; Lottem and Azouz, 2011; Lottem et al., 2015) . This tuning is related, at least in part, to the angular location of mechanoreceptors within the follicle (Ebara et al., 2002; Knutsen et al., 2008; Rutlin et al., 2014; Whiteley et al., 2015) . The bending direction (M D ) could therefore be represented by the identity of mechanoreceptors at particular angular locations within the follicle, resulting in a labeled line code (Knutsen et al., 2008) that represents the azimuthal coordinate of object contact.
Trigeminal ganglion neurons are also well known to respond strongly to the magnitude of whisker deflection (Zucker and Welker, 1969; Gibson and Welker, 1983; Szwed et al., 2003 Szwed et al., , 2006 Jones et al., 2004) . The bending magnitude signal (M B ) is therefore likely to be represented as the number of spikes per unit time as the whisker increasingly deflects against an object, consistent with a role in determining radial distance (Szwed et al., 2003 (Szwed et al., , 2006 . Importantly, the mechanism for object localization proposed in the current work does not depend on whisking velocity, nor on the velocity of the whisker at time of impact, nor on how rapidly or slowly the whisker deflects against the peg. The peg location can be computed for every combination of M B and M D at each point in time. Thus, with the assumption that friction is negligible (see next section), the animal can determine the contact point location regardless of the time-history of the whisker.
In addition, although the present work simulated only protraction against the peg, symmetry arguments suggest that similar results would hold during retraction. The direction of whisker bending (M D ) is determined by its orientation relative to the peg. This orientation depends on the angles through which the whisker rotates during protraction. Although retraction is unlikely to follow the exact "inverse trajectory" of protraction, it is clear that retraction must ultimately invert all the protraction angles as the whisker returns to its original starting position. Thus the inverted retraction angles will likely exhibit similar uniqueness characteristics as the forward protraction angles.
Effects of Variable Whisking Kinematics and Friction
In the awake, freely moving animal, whisking kinematics will be more complicated than the 3D trajectories simulated here. In particular, a well-known feature of natural whisking is that the basepoints of the whiskers translate significantly (Knutsen et al., 2008; O'Connor et al., 2010; Knutsen, 2015) . Because equations for translational motions have not yet been established, the present work simulated pure rotation and neglected translation. This simplification is appropriate for two reasons. First, in our own work on body restrained rats, we found that the purely rotational equations provided by (Knutsen et al., 2008) were a remarkably good fit to behavioral data (Huet and Hartmann, 2016) . Second, a sensitivity analysis that examined the effect of variations in whisking kinematics on the angle of contact against a surface showed that the effects are systematic across the array (Hobbs et al., 2015 (Hobbs et al., , 2016a . Thus, if whisking kinematics are altered slightly, the mappings shown in Figures 4-6 will exhibit systematic shifts, but will not become degenerate.
Friction will also play a significant role in determining the direction in which the whiskers are deflected after contact Hartmann, 2008, 2010; Boubenec et al., 2012; Pammer et al., 2013; Huet and Hartmann, 2016) . The present simulations assumed frictionless conditions, which in general will ensure the maximum vertical deflection along the peg over the course of the 5 • protraction Hartmann, 2008, 2010; Huet et al., 2015; Huet and Hartmann, 2016) . Friction will influence all mechanical parameters at the whisker base and is likely to introduce non-linear effects into the mappings; this is an important area for future work.
The Effects of Head Pitch and 3D Mappings in Whisker-Centered Coordinates
As stated above, the present work does not address the question of what happens when the rat pitches its head. Preliminary simulations (not shown) suggest that the mappings will shift but generally retain their uniqueness. For example, in the present work, with bregma aligned with lambda, several whiskers of the C-row showed slightly non-unique mappings. When the head is pitched upward, whiskers of the C-row take on an orientation similar to that which the B-row whiskers had previously. This suggests that the C-row whiskers would increase their uniqueness to match the B-row whiskers before them. The B-row whiskers, in turn, would be oriented more like the A-row whiskers.
In addition, the uniqueness of the present mappings is robust to sizable variations in whisking kinematics. As shown in Table 1 , all simulations were first run with the kinematic equations of Knutsen et al. (2008) , and then re-run after shifting these kinematic equations to the coordinate system of the morphological model (Towal et al., 2011) . Although the mappings for individual whiskers varied to some degree, overall uniqueness was not strongly affected.
We also note that the mappings of the present work exploit only two of six possible mechanical variables (My and Mz). It seems likely that a third variable such as the axial force (Fx) or the twisting moment (Mx) could enable unique mappings across head pitch.
Finally, the present work has addressed only the mappings between single whisker contact and the location of a peg in head centered coordinates. A key unresolved issue is the extent to which mechanical signals at the whisker base can represent the 3D location of an object in whisker-centeredcoordinates, including the height. If the 3D object-contact location can be determined based purely on tactile signals, then integration of this information across whiskers would permit the animal to obtain an impression of the object's contour or shape.
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